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Abstract 

In this paper, stochastic inertial manifold for damped wave equations sub- 
jected to additive white noise is constructed by the Lyapunov- Perron method. 
It is proved that when the intensity of noise tends to zero the stochastic iner- 
tial manifold converges to its deterministic counterpart almost surely. 
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1 Introduction 

The inertial manifold (IM) introduced by Constantin, Foias, Nicolaenko, Sell, and 
Temam [T9J [201 El HI [8] is a finite dimensional Lipschitz invariant manifold at- 
tracting solutions exponentially, which goes back to the works of Mane, Henry and 
Mora [26l 1231 [27] . Global attractor is an invariant compact set attracting solutions 
which often has a finite (fractal) dimension and, therefore, it is an important object 
for the study of long time behavior of evolution equations. At the present level of 
understanding of dynamical systems, global attractors are expected to be very com- 
plicated objects (fractals) and their practical utilization, for instance for numerical 
simulations, may be difficult. The IMs, when they exist, are more convenient objects 
which are able to describe the large-time behavior of dynamical systems. One of the 
important properties of inertial manifolds is that they contain global attractors, so 
the study of dynamics of infinite dimensional nonlinear systems can be reduced to 
the study of dynamics of flows on the inertial manifold, which, in turn, is described 
by the dynamics of an ordinary differential equation. There are extensive works on 
IMs. See, for example, Chow and Lu f4], Chow et al [5], Constantin et al [8], Con- 
stantin et al |S], Foias et al PUGS], Foias et al pU [20] , Foias et al [21], Mallet-Paret 
and Sell [25], Sell and You [33], Temam [31], among others. 



*This work is partially supported by the 985 project of Jilin University. 
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Stochastic partial differential equations (SPDE) have been drawing more and 
more attention for their importance in describing many natural phenomenon un- 
der random influences. With the rapid development of random dynamical systems 
(RDS) [1], many SPDEs are studied in the framework of RDS. On many occasions, 
the development of SPDE and RDS mimics the deterministic case and many efforts 
are devoted to establish the results for SPDE and RDS corresponding to that for 
the deterministic case. This is true for IM: there have been some works on Stochas- 
tic IMs, see, for example, Bensoussan and Flandoli pj, Chueshov and Girya [6], 
Chueshov and Scheutzow [7], Da Prato and Debussche [13], Duan et al [15j HE]- 
These works mainly deal with stochastic parabolic equations. In present paper, we 
aim to obtain the existence of stochastic IM for damped wave equations subjected 
to additive white noise. Moreover, we will show that the stochastic IM converges to 
its deterministic counterpart almost surely when the intensity of noise tends to zero. 
As in the deterministic case, the usual methods to obtain the existence of stochastic 
IMs are Hadamard's graph transform method [22] and Lyapunov-Perron's method 
[211ET]. In this paper, we adopt the latter one. In Section 2 we introduce some pre- 
liminaries and prove the existence theorem of stochastic IM for abstract evolution 
equations with random coefficients; in Section 3 we apply the result of Section 2 to 
damped wave equations subjected to additive white noise and study the property of 
its IM. 

2 Existence of Stochastic IM for abstract equa- 
tions 

Definition 2.1 Let X be a metric space with a metric dx- A random dynamical 
system (RDS), shortly denoted by ip, consists of two ingredients: 

(i) A model of the noise, namely a metric dynamical system P, (9 t )tm)> where 
(fi, J^,P) is a probability space and (t,u) i— > 8 t u is a measurable flow which leaves 
P invariant, i.e. 8 t ¥ = P for all tel. 

(ii) A model of the system perturbed by noise, namely a cocycle tp over 9, i.e. a 
measurable mapping tp : M + x Q x X — > X, (t, to, x) i— »■ ip(t, u>, x), such that: 

tp(0,LO,-) = idx,f(t + s,u>,-) = (p(t,9 s cu,ip(s,u>,-)) for all t,sel + ,wefl. (1) 

Although it is well known that a large class of partial differential equations 
with stationary random coefficients and Ito stochastic ordinary differential equations 
generate RDS (for details see Chapter 1 of p]), this problem is still unsolved for 
SPDE with general noise terms, see [15J for the reason. Indeed, the existence of 
RDS generated by SPDE has been proved in relatively narrow generality. In fact, 
only cases in which the SPDE can be reduced to a deterministic one with random 
coefficients can be treated in the framework of RDS. See, for example, [31 [TT | [T2"l [TO] . 

For later use, assume z is an Ornstein-Uhlenbeck process which satisfies the 
following equation 

dz + Xzdt = 5dW (2) 
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for some A > and 5 > 0. The process z has the following properties, see [3j [15] for 
the proof. 

Lemma 2.1 (i) There exists a {8 t }teR-invariant set Q G B(Cq(M, IR)) of full mea- 
sure with sublinear growth: 

hm ^# = o, u g n. 

(nj For u60 £/ie random variable 

r° 

z(u) = -XS / e Ar w(r)dr 

•/ — oo 

exists and generates a unique stationary solution of (FJj] given by 

(t, u) -> z(0 t w) = -A<5 / e XT 9 t uj{r)dT = -XS / e XT u(r + t)dr + tfw(t). 



The map t —>■ z{9 t uj) is continuous. 
(Hi) In particular, we have 

hm = o for co G fl. 

(^yj In addition, 

If 1 If 1 
lim - / z(9 T to)dr = for a; G fi, lim - / |z(0 T u;)|dT = E z < oo. 

Let if be a separable Hilbert space with norm | • | and inner product (•,•). 
Consider the Stratonovich SPDE on H 

dn 

^- = Au + F(u) + uW, (3) 
at 

where u G H, W(t) is the standard real-valued two-sided Wiener process and the 
generalized time- derivative W formally describes a white noise. Here we assume 
that F is globally Lipschitz continuous on H with Lipschitz constant LipF. For 
the existence and uniqueness theory of (j3J) we can first write it into its equivalent 
Ito equation and then refer to [Hj for details. Under the transformation T(u),u) = 
ue~ z ^\ (J3j) is conjugated to the following equation with random coefficients 

dxi 

— = Au + z(9 t u)u + G(9 t u,u), u(0) = xeH, (4) 
at 

where z satisfies 

dz + zdt = dW, 
and G(u,u) = e~ z(uj) F(ue z{w) ). It is clear that Lip u G = LipF. 
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Assume A : D(A) — > H is a linear operator which generates a strongly continuous 
semigroup e At on if, which satisfies the pseudo exponent dichotomy condition with 
exponents > a > (3 and bound K > 0, i.e. there exists a continuous projection P 
on such that 

(i) Pe At = e At P; 

(ii) the restriction e At \n(p),t > 0, is an isomorphism of the range R(P) of P onto 
itself, and we denote e At for t < the inverse map; 

(iii) 

|e A 'Px| < Ke at \x\, t < 0, , , 

|e A 'Qa;| < i^e^lxj, t > 0, ^ 

where Q = I — P. 

Definition 2.2 A random set is called invariant for RDS if if 

<p(t,u,M(uj)) C M(6 t uj), for any t > 0. 
If an invariant set M(u>) can be represented by a Lipschitz or C k mapping 

h(-,u) :PH^QH 

such that 

M(u) = {Z + h(^u)\tePH}, 

then we call M(u) a Lipschitz or C k invariant manifold. Furthermore, if PH is 
finite dimensional and M(u) attracts exponentially all the orbits of tp, then we call 
M(u) a stochastic inertial manifold of tp. 



Theorem 2.1 (JWj) If 



KUp F (— + - J— ) 



< 1, (6) 



then there exists a Lipschitz invariant manifold for the random evolutionary Equa- 
tion which is given by 

MH = K+h(^)|^Pfl} : (7) 
where h : PH — > QH is a Lipschitz continuous mapping given by 

h(t,u>)= f e- As+ f>^ dr QG(6 s u,u(s;{;,Lu)). (8) 



Remark 2.1 It is easy to see that if F is C 1 , then the stochastic invariant manifold 
obtained in Theorem 12. II is C l by Theorem 5.3 of 



Theorem 12.11 says that (j4j) has a Lipschitz manifold if the spectral gap condition 
(J6j) holds. To show that the manifold is an inertial manifold for (j4j), we should verify 
that it attracts exponentially all the orbits of (p. A stronger reduction property is the 
exponential tracking property [21], also called asymptotical completeness property 
[32J: each trajectory of the evolution equation tends exponentially to a trajectory 
on the inertial manifold. To be more specific, we states it as follows: 
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Definition 2.3 Let M(u) be an invariant manifold for RDS ip. If for Vx G H , 

there exists an x G M(ou) such that 

\(f(t, u>, x) — ip(t, uj,x)\ < Cie~ C2t \x — x\, Vi > 0, 

where c\ > is a constant dependent on uo, x and x, while C2 is a constant inde- 
pendent of these variables, then M(uj) is said to have the asymptotic completeness 
property. 

If M(u) has the asymptotic completeness property, then the asymptotic behavior 
of ip on H can be reduced to M(u) . Hence the the original infinite dimensional SPDE 
problem on H is reduced to a finite dimensional stochastic ODE problem on M(uj). 

Denote 



C+ := {(j) : [0,oo) -> H\(j> continuous, sup e-^^ {(W)dr | </>(£) | < oo}, 

t>o 

then is a Banach space with norm \<p\ c + : = sup t>0 e~ vt ~f° z ( 9rU) } dr \(f)(t)\. 
Theorem 2.2 If we have the spectral gap condition 

KLipF ( — + — — ) + K 2 Liph ■ LipF — - — < 1 , (9) 

\a — 7] r] — p J a — rj 

then the Lipschitz invariant manifold for obtained in Theorem \2.1\ has the asymp- 
totic completeness property. 

Proof. Assume u, u are two solutions of (J4j) and let w = u — u, then w satisfies the 
following equation: 

= Aw + z(0 t u)w + F(6 t u,w), (10) 

at 

where 

F(9 t uj, w) := G(0 t u, u + w) - G(9 t u, u). 

It is clear that 

F(9 t u, 0) = 0, Up w F = Li Pu G = LipF. (11) 
First if w G is a solution of ({TO]) , then w can be expressed by 



w (t) =e M+ J° z ^ dr Qw(0)+ / e A{t - s)+ ^ z{e ^ )dr QF(6 s uj,w(s))ds 

Jo 

+ / e A( '- s)+ ^ 2( ^ )dr P J P(^^,w(s))ds. (12) 

J oo 

In fact, since if is a solution of ffTOl . we have 

w (t) = e A{t - to)+I ?o z ^ dr w{t ) + f e A ^ + ^< e ^ dr F(9 s u,w(s))ds. 



to 
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This implies 

When t > t, by (jSJ) we have 

A{t-t )+sl *(«r«)dr • 



Pw(t ) + I e A(t ' s)+ ^ z(9rUj)dr PF(6 s uj,w(s))ds. 

to 



\e - " ' JI o * • - Pio(t Q )| < Ke ( 1 



w(*o)| 



By the property of z(u) we obtain 



e A{t - to)+ ^ z{9rUj)dr Pw(t ) -> as t -> oo. 



Pw(i) = / e A( *- s)+ ^> ( ^ )dr PP(^,w;(s))ds. 



Therefore, 



Thus ([I2D holds. 

We then show that l fl2l) has solutions on C+ and u(0) = u(0) + w(0) G M (w). 
From [16] we know that the solution u lies on M if and only if Qu(0) = h(Pu(0),u), 
recalling that M(u) = + h(£ t u))\£ G PP}. That is 



Qiy(O) = -Qu(0) + h{Pu(0) + Pw(0),w). 



(13) 



Let 



fw(t) = e M+ ti z{9rUj)dr Qw(0), 

Twit) = [\ A(t - s)+ ^ zi9r ^ dr QF{6 s u,w{s))ds + f e A{t - s)+ fs z ^ dr PF(6 s uj,w(s))ds, 



then (|12|) reads as 

iu(t) = fw(t) + Tw(t). 
We assert that T and T map C+ to C+. In fact, 

e -"*-J"o*(^) dr |ftw(t)| < Ke-to-MlQw^l 

< K\Qw(0)\ 

<il3j x(| -Q«(0) + /i(Pu(0),a;)| 

+ \h(Pu(0)+Pw(0),u) - h{Pu(0),u)\) 

< K(\ - Qu(0) + h(Pu(0),u)\ + Uph\Pw(0)\) 

-CE2J 



Qu(0) + h(Pu(0),tu)\ 

rO 



+ Lip/i 



/° z{e r w)dr 



PF(6 s u,w(s))ds 
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<CH K(\-Qu(0) + h(Pu(0),uj)\ + KUph-UpF- 



a — rj 



\w 



and 



'^-Io z ^ dr \Tw{t)\ < Ke-nt-tizie^drf / ^(t-^+jX^dr^^^^ w(s))\d 



+ 



+ ^" °e a(i - s)+ ^ z(e '' w)dr |w(s)|ds^ 



\w\ r + 



< fsTLipF ( — — + 1 



\rj — P a — J] 



\w\ r +. 



Next we show that under the spectral gap condition the map T + T : 
is contractive. To this end, assume w,w G C+, then we have 



-jJ*(9 pW )dr|y w ^ _ <m Ke-^- p)t \h{Pu{Q) + Ptt)(0),w) 

- h(Pu(0) + Pw(0),u)\ 
< KUph\Pw(0) -Pw(0)\ 



< KLiph 



PLipF\w(s) — w(s)\ds 



poo 

< K 2 Liph ■ LipF / e- {a - v)s \w - w\ c+ 
Jo v 



ds 



< K 2 Uph ■ LipF- 
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a — rj 



\ w ~ w \cp 



and 



e~ vt ~ti zierU)dr \Tw(t) - Tw(t)\ 
< e -vt-fZz(0r*>)drf [ eA(*-»)+ti<WtoQ\F(0&,w{8)) - F(6 s u , w(s))\ds 



+ 



<K 



AW+StzQr»)top\ F (Q a ^ w ( s )) _ F{e s u,w{s))\ds 



o P(t-s)-irt+f° z(O r u)dr 



LipF\w(s) — w(s)\ds 



+ 



ft 

/ e a(t-s)- V t+f s z(^)dr LipF |^ s ) _ ^( s )|d S 
J oo 



<KLipF^ e 



(i~m-s)\ w _ lu \ c+ds+ I e^-^-^lw -w\ n+ ds 



<KLipF ( H ] \w — w\ r +. 

\7]- ft a — rj/ 



That is 



2 , 1 , 

\Tw — Tw\ c + < K Lip/i • LipF \w — w\ c +, 



OL — Tj 



\Tw - Tw\ r + < FLipF ( - + ——] 

0,7 \V - (3 a-rjj 



w — w\ n +. 



Therefore, 



\(f+T)w-(f+T)wU < 



K 2 Uph ■ LipF — - — + KUpF ( - + ——] 
a — rj \rj — p a — i] J 



\W — W\ r +. 



Then by the spectral gap condition ([9]) we obtain that T + T has a unique fixed 
point w* on C+, which satisfies 

tZ(0) = w(0) + w*(0) E M(u) 

as desired. Hence 

\u{t,u,u ) -u{t,u,u )\ < e^ z ^ dr \u -u \ 

< c(u)e vt \u - u \, t > 

for some c(u) > by the property of z{uj). □ 

3 Stochastic IM for wave equations 

Consider the following wave equation in [0, n] perturbed by additive white noise: 

e 2 du t + (u t - Au)dt = f(u)dt + 5(j)dW (14) 

with 

u(0, x) = u (x), u t (0, x) = Ui(x), u(t, 0) = u(t, 7r) = 0, 
du 

where <f> G Hq(0,tt), Ut := — . We assume that the nonlinear term / is globally 

Lipschitz continuous on L 2 (0,7r) with Lipschitz constant Lip/. 
Rewrite (fl4l as 

u t = v, 

e 2 v t + v + Au = f(u) + H^f, 

where Au := —Am, and (u,v) G E := Hq(0, 7r) x L 2 (0,7r). Let u = u, v = v — S(pz. 
Here z satisfies 

e 2 dz + zdt = dW. (15) 
Let U = (u, v) G E, then U satisfies 

U = AU + F(9 t u,U), (16) 



s 



where 

^=(_Ai -X)- (17) 

Noting that ffT6l) is a particular form of (jl]) with z — 0. It is easy to verify that 
A is the infinitesimal generator of a C°-semigroup e At on Hilbert space E. Since 
F is Lipschitz continuous with respect to U (see (1251)). by the classical semigroup 
theory concerning the local existence and uniqueness of the solutions of evolution 
differential equations in [30], we obtain the existence and uniqueness of ( |T6l) and 
hence (fUj) . 

Since the eigenvalues of A are A& = k 2 with corresponding eigenvectors = 
sin kx, k = 1,2, ■ ■ ■ , the eigenvalues of the operator A are 



-1 ± VI - 4e 2 P 



with corresponding eigenvectors 



sin A;x 



I Ajfsinfcz ' ' fc ~ 1 ' 2 '--- ■ 



It is clear that 
Denote 



A^ — >■ —A; 2 as e — > 0. 



22- 



E x := Span{e+|l < k < N}, E_ x : = Span{e^|l < k < N} 

E n := E x © E_i, E 22 := Span{e±|A; > N + 1}, E 2 = E_ x © E- 
By the orthogonality of sin kx, we have 

E\^LE 22 , E_i-LE 2 2, 

while E\ is not orthogonal to E-i. 

Following [28], we define an equivalent new inner product on E. In this section, 
we use (•,•), || ■ || to denote the usual inner product and norm on L 2 (0, ir), respectively. 
Let Ui = (tii, v±), U 2 = {u 2 , v 2 ) are two vectors in E or En, E 22 . Recalling that the 
usual inner product on E defined by 

(U u U 2 ) = (tii, u 2 ) + (A^m, A^u 2 ) + (v u v 2 ). 

Assume — > N + 1, define the new inner product as follows: 

1 i 1 1 

{U\, U 2 )e 11 : =t^(^i> u 2) - {Asuu A*u 2 ) + (—tii + ev u — u 2 + ev 2 ), 
4e z 2e 2e 

{U u U 2 ) E22 : = Ul , A^u 2 ) + (— - 2{N + l) 2 ) (tii, u 2 ) + (— u x + ev x , ^-u 2 + ev 2 ). 
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For U = U U + U 22 , V=V n + V 22 , define 

(U, V) E := (U n , V n ) Eu + (U 22 , V 22 )e 22 . 

Since — > N + 1, it is clear that (•, -)eu is equivalent to the usual inner product 

on En, and (•, ■}e 22 is equivalent to the usual inner product on £22. Hence the new 
inner product (-,-) E is equivalent to the usual product on E, see [2H] for details. 

By the definition of new inner product, it is clear that for U = (u, v) with u = 
we have 

\\U\\e = 4v\1 (19) 
and for any U = (u,v) G E we have 



(20) 



Under the new inner product (-, -)e, by the orthogonality of sin kx it is easy to 
verify that we have 

E\1.E 22 , E_i^E 22 . 

Moreover, we have £i_L.E_i and hence E\^E 2 . In fact, by the definition of (■, -)e x1 
it follows that 



(e+, ef) exi = 0, when 1 < k, I < N, k^l, 



0, for 1 < A; < N, 



which verifies £7i_LELi. 

We use Ai, A 2 , A22 to denote Al^, A|^ 2 , A\e_ i: A\e 22 , respectively. Then 
similar to [28], we have 



||e^*|| = e x «\ for t < 0, 

lle^-i*!! = e x "\ for t > 0, 
|i e A 22 i|| = e x+ +1 t for t > Q 



(21) 
(22) 
(23) 



where || • || denotes the operator norm in Hilbert space (E, (•, •, ) E )- By ([221 . (|23|) 
we have 

|| e A 2 t|| = e A+ +1 t 5 for ^ > Q ^ 

Next we show that F is Lipschitz with respect to U under the norm \\ ■ \\e and 
the Lipschitz constant is independent of e when e is small. In fact, 



WFiu,^) -F(u,U 2 )\\ E < 



,-2 







m e- x ||/M-/M 



< e 1 Lip/||« 1 - u 2 | 
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< Lip/ \\Ut-u4* 

l - - c 2 (N + l)^ 

< 3Lip/||i7i - U 2 \\ E , (25) 
where the last "=" holds when e is appropriately small. 

Theorem 3.1 Consider stochastic wave equation fLfy . There exists some eo > 
such that for any e G (0, eo), the equation ( [7^] ) has a stochastic IM. 

Proof. Consider <^ and let H = (E, (■, -) E ), A be as in (JT7|, a = A^, /3 = A+ +1 

and r] = — By (ETJ) and (1241 . the pseudo exponent dichotomy condition ([5]) 

holds with PH = E u QH = E 2 and K = 1. According to ([IB]) and ([22]), there exists 
e > such that for any e G (0, e ) the spectral gap condition holds when N is 
appropriately large. Hence Theorem 12.21 holds for (fT6|) . i.e. there exists a stochastic 
IM M{u) for (USD. 

For U & E, define the transform 

T(w, U) = U- (0, <ty*), T- X (a;, £/) = [/ + (0, 5(j>z). 

If (£, cu, C/o) — » C/o) is the RDS generated by (TTB|) . then it is easy to verify that 

(t, w, U ) -> <^ := T~ 1 (9 t co, ip(t, u, T(u, U ))) 



is the RDS generated by ([I] 
Let 

M(w) := T _1 (u;, M(a>)) = {£ + + (0, S(pz)\^ G Pi?}, 

then M(u;) is a stochastic IM for (|T4|) . In fact, 

w, M(cu)) = T" 1 ^, </?(t, w, T(u, %)))) 
= T" 1 (0 t o;,p(*,w,M(uO)) 

i.e. M(u) is an invariant manifold for (1X41) . 

Assume J7i is a solution of (114p . then it is easy to verify that 

U x :=T(9 t uj,U 1 (t,u J ,T-\u J ,U 1 (0)))) 

is a solution of (TTBI) . By the asymptotic complete property of M(u;), there exists a 
solution U2 of (|T6|) lying on M(u>) such that 

^(0)) - V (t,u,U 2 (0))\\ E < c(w)e^I|Z7 1 (0) - tf 2 (0)|U, Vt > 0. 
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Let Ui ■= T 1 (6tU), U2(t,u, ^(O))), then it is easy to verify that Ui is a solution of 
(114p and U% lies on M(u). Furthermore, 

\\v(t,u,U 1 (0))-$(t,u,U 2 (0))\\ E = yfauMW-ipfauMiOfiWE 

^c^wu^-umWe 

< c(u)e* || Ui (0) -U 2 (0)\\ E , Vt > 0. 

Therefore, M(a;) has asymptotic completeness property and hence it is a stochastic 
IM for (JUJ). The proof is complete. □ 

Remark 3.1 In above theorem we obtain the existence of stochastic IM when e is 
small. In fact, when e is large, counterexample has shown that the attractor of (j!4p in 
the deterministic case (i.e. 5 = 0) is not contained in any finite dimensional manifold, 
see |29j for details. It seems that the corresponding result holds for stochastic case, 
i.e. we would not obtain the existence of stochastic IM for ( fT4l) when e is large. 

Denote 

C~ := {(f) : (—oo,0] — > E\4> continuous, sup e _r? * < oo}, 

t<o 

then C~ is a Banach space with norm H^H^c- := sup t<0 e — ^* || ||^;- Assume R > 
and M s (u) is a stochastic IM of (JUj). Let 

M«(u) := {e + M£^)l£ e pe, U\\e < R}, 

where the graph of h gives the IM Mg(u). The following theorem states that the 
stochastic IM of (|14p converges to its deterministic counterpart almost surely when 
the intensity of noise tends to zero. 

Theorem 3.2 Assume Mg(io) is a stochastic IM of [Lfy and M is the IM of [Lfy 
when 5 = with the same dimension as that of Mg{u), then, for any R > 0, we 
have 

lim sup inf \\U — V\\e — 

almost surely. 

Proof. Assume u, u satisfy 

e 2 du t + (u t + Au)dt = f(u)dt + S(j)dW 

and 

e 2 du t + (u t + Au)dt = f(u)dt, 

respectively. We also assume that (u,u t ), (u,u t ) lie on M§(uj), M , respectively. Let 
w = u — u, then w satisfies 

dW 

e 2 w tt + w t + Aw = f(u + w)- f{u) + S<f)-—. (26) 
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Let W = (w, w t — S(f)z), where z satisfies e 2 dz + zdt = dW, then W satisfies 

W = AW + F(6 t u,W), (27) 

where 



A 







id L 2 



-e~ 2 A -e~ 2 id 



L- 



e- 2 [f(u + w)-f(u)] ■ 



It is clear that the form of (12"T|) is the same as that of (1T61) except that the nonlinear 
term F is not the same. But it is easy to verify that the nonlinear term F in (127j) 
is globally Lipschitz continuous with respect to W, so fl2?j) has a stochastic IM and 
by similar argument to that of Theorem 12.21 (see also (27) in [16J) we have W £ C~ 
and W satisfies 



W{t) =e At PW(0) + / e A ^PF(6U;,W(s))ds 



A(t-s) 



+ 



D A(t-s) 



QF(9 s u,W(s))ds. 



Since Pi? = E\ is of finite dimension, we can choose (w(0), u t (0)) such that PW(0) 
P(u(0) - u(0),u t (0) - w t (0) - 8(j)z) = 0. Therefore, 



e-^||W(t)|U<e" 



-r)t 
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e w + 



5(f>z(9 s uj) 
e-*[f(u + w)-f(u)} 



e- 2 [/(« + «;)-/(«)] 

5<f)z(9 s uj) 




ds 



ds 
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e N + 
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e -jv+ 
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S(f>z(6 s u) j ds 



ds 
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oo 
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+ Cl (u)( I e ix+ K- 1l){t - s) ds+ I e (A w-" )M ds 

< 3Lip/ 
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< 3Lip/||Ty 



8(f) 




1 1 

+ 



A+ - T) 7]~ 



1 1 

+ 



E,C V I A + _ ^ _ A + 







where the third "<" holds for some Ci(u) due to (1251) and the sublinear growth of 
z(8 s u>) with respect to s. Hence we have 



1 - 3Lip/ 



1 1 

+ 



< ci(u) 



1 1 

+ 



A+ - T] 7]- A+ +1 



When N is appropriately large and e is appropriately small we have 

1/1 1 



3Lip/ 



1 1 

+ 



< 



which implies that 

\\w\\ EtC - < 2 Cl H 

Returning back to fl26l) . we let W = W + (0, S(pz) = (w, w t ), then 





< 1, 







E,C„ 



< 



< 



E,C V 



+ 



E,C„ 



E,C- + 







-nt\ 



sup e ' \z[VfUJ) 
e <<o 



< 2c x (u 



+ c 2 (u>) 



+ Sc 2 (uj) 



for some €2(00). Thus 
where 



\\W(0)\\e< \\W\ 



E,C„ 



< Sc 3 (u), 



c 3 (uj) := 2d(u) 
The proof is complete. 
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Appendix 



It is well-known that, for deterministic evolution equations, the inertial manifolds 
contain the corresponding global attractors when they both exist. Like deterministic 
case, we have the same result for stochastic evolution equations: stochastic IM 
contains the corresponding random attractor when they both exist. Here we give a 
simple proof of this result. 

First let us recall the definition of (global) random attractor. 

Definition 3.1 (fTB{ ) Assume ip is an RDS on a Polish space X , then a random 
compact set A(u) is called a (global) random attractor for the RDS tp if 

• A(u) is invariant, i.e. 

(p(t, u, A(u)) = A(6 t u), Vt > (28) 

for almost all uj G Q; 

• A(u) pull-back attracts every bounded deterministic set, i.e. for any bounded 
deterministic set B C X , we have 

lim d(<p(t, 0-tfjj, B),A(u)) = (29) 

t— >oo 

almost surely. 

In (129j) . d(D\,D2) denotes the Hausdorff semi-metric between D\ and D2, i.e. 

d(Di,D 2 ) := sup inf dx{x,y) 
xeDi y^ D 2 

for any two closed sets Di, D 2 in X. 

The global random attractor for RDS tp is the minimal random closed set which 
attracts all the bounded deterministic sets and it is the largest random compact set 
which is invariant in the sense of (1281) . see [11] for details. The random attractor 
defined above is unique and it is uniquely determined by attracting deterministic 
compact sets, see [10] for details. 

Theorem 3.3 Assume an SPDE has a stochastic IM M{uS) and a random attractor 
A(uj). Then we have A(u) C M(u) almost surely. 

Proof. If the assertion is false, then 

F{u\A(uj) <£ M(u)} > 0. 

Let A(u) = A(uj) n M(u). Since A(u>) is "minimal", there exists a deterministic 
compact set D and t\ , e 2 > such that 

PH lim d(tp(t, D),A(u)) > ex} = e 2 > 0. (30) 

t— >oo 
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Since A(u) is the random attractor, we have 

P{u;| lim d(<p(t, 9- t uJ, D), A(u)) = 0} = 1. (31) 

On the other hand we have 

¥{u\ lim d(<p(t, 0_ t w, D), M{u)) = 0} 

f — >oo 

=F{lu\ lim d{ip(t, to, D), M(6 t u))) = 0} = 1 (32) 

t— »oo 

by the measure preserving of {0t}tm and the fact that M{uj) is a stochastic IM for 
if. According to (I3TI) . (|32|) and the definition of Hausdorff semi-metric, we have 

F{lu\ lim 6_ t u, D) C n M{u) = A(u)} = 1, 

t— >oo 

a contradiction to (130]) . The proof is complete. □ 
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